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Modeling of Dynamically Loaded
Open-Cell Metallic Foams:
Yielding, Collapse, and Strain
Rate Effects
Open-cell metallic foams exhibit properties desirable in engineering applications requir-
ing mitigation of the adverse effects resulting from impact loading; however, the history
dependent dynamic response of these cellular materials has not been clearly elucidated.
This article contributes an approach for modeling the response of dynamically loaded
open-cell metallic foams from ligament level to unit cell level to specimen level. The
effective response captures the localized chaotic collapse phenomena through ligament
reorientation at cell level while maintaining the history of plastic deformation at ligament
level. First, the phenomenological elastoplastic constitutive behavior of the ligaments
composing the unit cell is modeled. Then, using the constitutive ligament model, the
effective unit cell response is obtained from a micromechanical model that enforces the
principle of minimum action on a representative 3D unit cell. Finally, the macroscopic
specimen response is predicted utilizing a finite element analysis program, which obtains
the response at every Gauss point in the mesh from the microscopic unit cell model. The
current communication focuses on the ability of the model to capture the yielding and
collapse behaviors, as well as the strain rate effects, observed during impact loading of
metallic foams. �DOI: 10.1115/1.4000386�
Introduction
Man-made cellular materials, such as polymeric, metallic, ce-

amic, and glassy foams, and natural cellular materials, such as
ood, bone, coral, and sponge, engage our interest because they

re hybrid in structure and behavior exhibiting properties and
haracteristics of multiple states of matter �1�. The variety in cel-
ular structure combined with the diversity of materials, which can
orm the solid phase, results in foam materials with a vast array of
ombinations of properties capable of performing multiple func-
ions. Here we focus on metallic foams, an emerging class of

an-made cellular materials with intriguing properties that could
e exploited in different potential applications.

Metallic foams can have open-cell or closed-cell or mixed cel-
ular structures depending on the synthesis process. These materi-
ls are essentially synthesized by generating bubbles in a molten
etal and solidifying at a specific rate to produce the desired

ellular structure and material properties such as high strength to
eight ratio, high deformability, and high surface area. The dif-

erent processing routes, such as gas injection into a melt, immer-
ion of gas releasing blowing agents into a melt, and pouring the
olten metal into a removable mold, have been reviewed by au-

hors in Refs. �2–5�. Open-cell foams are permeable and resemble
labyrinth of interconnected struts, while closed-cell foams are

mpermeable and can be thought of as a lattice arrangement of
ollow spherical bubbles. The work presented here concentrates
n open-cell metallic foams, which we model as a network of
nterconnected struts surrounded by air-filled voids. Figure 1�a�
hows the cellular structure of a typical open-cell metallic foam.

Many industries such as automotive, aircraft, maritime, and rail
ransportation, as well as the electronic and packaging industries
equire strong and/or lightweight materials such as metallic
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foams. These materials are being considered for applications, such
as lightweight construction �sandwich panel cores�, impact energy
mitigation, thermal management �heat dissipators�, and acoustic
and vibration insulations �dampers�. Recently there has been an
elevated interest in utilizing metallic foams in applications requir-
ing mitigation of impact energy during exposure to dynamic load-
ing at high strain rates especially in areas requiring high collapse
strengths not currently accessible with polymeric, ceramic, and
glass foams. Because of their varied combinations of properties,
metallic foams can be best implemented as multifunctional mate-
rials in applications requiring a set of properties not available
from their bulk solid counterparts.

The mechanical response of cellular materials such as metallic
open-cell foams is dominated by the cellular structure and the
properties of the solid phase, such as the constitutive behavior of
the ligaments in open-cell foams. Figure 1�b� shows the typical
quasistatic mechanical response of an open-cell metallic foam.
The response is characterized by an initial elastic region �usually
linear� followed by a long plateau region due to the unstable col-
lapse of cells and concluded by a densification region after termi-
nation of cell collapse. The majority of the early pioneering stud-
ies on the mechanics, characterization, and properties of metallic
foams have been well documented in reviews such as Refs. �3–6�.
More recently, experimental and modeling studies have concen-
trated on the different stages of deformation as well as on the
effects of the cell wall properties on the macroscopic response, for
instance, Refs. �7–9�.

During testing of metallic foams, heterogeneous deformation is
observed early in the loading process �1–5%� due cellular defects;
however, localized rows of collapsed cells do not appear until
later in the loading process �10–15%�. Figure 2 shows the local-
ization of deformation during compression experiments on open-
cell metallic foams with varying cell wall material properties due
to varying heat treatments �F-as fabricated, T6-strengthened,
O-annealed� �9�. The darker regions �blue and darker green� cor-
respond to sections of the sample with cells that have collapsed.

After the initiation of localization, the region of collapsed defor-
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ation grows at the expense of the uncollapsed region. The his-
ograms in Fig. 3 show the evolution of local strain distribution
or the tests shown in Fig. 2. After the initiation of localization,
wo dominant regions of deformation can be observed correspond-
ng to the regions of collapsed and uncollapsed materials. In test-
ng of common foams, the initiation and localization of collapse
ccur early at relatively low applied deformations due to defects
nd heterogeneity in the cellular structure; however, it is expected
hat for homogeneous foams without cellular defects the localiza-
ion will occur at a higher level of applied deformation.

Due to the recent interest in utilizing metallic foams for energy
bsorption applications, there has been a number of experimental
tudies focusing on the dynamic response of metallic foam mate-
ials, for example, Refs. �10–16�. The majority of these studies
oncluded that the collapse strength of the foam increases with
ncreasing strain rate, density, and/or viscosity. Most of the studies
n foams under dynamic loading focus on the effects of strain on

(a) (b)

ig. 1 Open-cell metallic foam „6101 Al alloy foam, 40 ppi, 4%
ensity…: „a… cellular structure and „b… typical quasistatic me-
hanical response

ig. 2 Localization of deformation during quasistatic com-
ression of F-as fabricated, T6-strengthened, O-annealed me-
allic open-cell foams as reported in Ref. †9‡

(b)(a)

ig. 3 Histograms from Ref. †9‡ showing the heterogeneous
istribution of the local vertical strain field for the foams „F-as
abricated, T6-strengthened, O-annealed… presented in Fig. 2:
a… 14.3% applied vertical compression and „b… 28.3% applied

ertical compression
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the overall response. For example, the effect of strain rate on the
dynamic compression of aluminum alloys foams was reported by
Yi et al. �17� where the effects of strain rate up to 3000 s−1 along
with relative density were presented showing that the collapse
stress of aluminum foams increases with increasing strain rate, but
this effect becomes less pronounced as the relative density of the
foam decreases. Kanahashi et al. �18� concluded that plateau
stress normalized by the relative density and the absorbed energy
drastically increased based on dynamic compression experiments
��̇=1.4�103 s−1� of very low density aluminum foams. Higher
strain rate �up to 5000 s−1� compression experiments were done
by Deshpande and Fleck �19�; however, they concluded that strain
rate had no effect on the plateau stress. Studies on open-cell me-
tallic foams and pyramidal truss cores with strain rates up to
10,000 s−1 using a Kolsky bar and a gas gun were recently re-
ported by Lee et al. �20,21�, where it was shown that strain rate
has very minimal effects on the collapse stress for strain rates up
to 10,000 s−1.

The theoretical and numerical responses remain to be fully ad-
dressed due to the challenges posed by the history dependent plas-
tic yielding that occurs during large deformation of metallic
foams. Some of the available modeling efforts include the finite
element modeling �FEM� comprehensive study on the effects of
various geometrical imperfections on the in-plane yielding behav-
ior of 2D cellular foams under biaxial loading �22�. Meguid et al.
�23� used a modified cube as the representative unit cell to model
the quasistatic crushing of closed-cell metallic foams. A rate-
dependent elastoplastic foam constitutive model was developed
by Zhang et al. �24� to use with LS-DYNA3D software. A version of
the material point method �MPM�, the generalized interpolation
material point �GIMP� method, was recently used to analyze a
small group of open cells with emphasis on the densification por-
tion of the deformation �7�. Finally, Demiray et al. �25� reported
an approach for the numerical determination of the evolution of
the initial and subsequent yield surfaces of metallic open-cell
foams. This group has reported a micromechanical model to pre-
dict the effective response of open-cell foams. Initially the model
was developed for quasistatically loaded, hyperelastic open-cell
foams �26� and recently it was further developed to predict the
response of dynamically loaded, visco-elastic open-cell foams
�27�. Here we present the extension of that model to dynamically
loaded open-cell elastoplastic metallic foams.

As stated earlier, there is a need for additional modeling work
based on consistent strut and unit cell level mechanics capable of
predicting the full field response of metallic foam materials in
dynamic loading environments. Any model for metallic foams
should accurately capture the history dependent constitutive re-
sponse of the solid phase �struts�, as well as the unit cell buckling
process. The current approach starts by modeling the experimen-
tally observed elastoplastic constitutive behavior �including hard-
ening� of the metallic struts composing the open-cell structure and
then incorporating this behavior into a micromechanical model
�27� that captures the cell collapse and predicts the effective foam
response. The history dependent elastoplastic constitutive model
of the solid struts and the unit cell formulation can then be imple-
mented as a constitutive update into a nonlinear finite element
analysis �FEA� code to predict the response of the macroscopic
metallic open-cell foam specimen.

The rest of this article is organized as follows. Section 2.1
reviews the previously reported unit cell micromechanical model.
Section 2.2 presents the axial and bending elastoplastic history
dependent constitutive behavior of the struts composing the unit
cell along with the predicted constitutive response for the struts.
The effective metallic foam response predicted by the unit cell
micromechanical model and a set of two-dimensional FEA simu-
lations implementing the axial and bending elastoplastic strut con-
stitutive models in conjunction with the unit cell model as a con-
stitutive update are presented in Sec. 3. Finally, Sec. 4 poses some

concluding remarks.
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Formulation
A formulation to predict the effective dynamic response of

pen-cell foams based on a micromechanical unit cell model was
ecently communicated in Ref. �27�. The formulation can be
mplemented as a constitutive update in the realm of nonlinear
nite element analysis for scenarios where the specimen size is
uch larger than the size of the cells composing the material. The

oherent modeling approach is described in Fig. 4. The descrip-
ion is limited to open-cell foams with cells containing M struts
onverging at a central vertex. The deformation of a four strut unit
ell �M =4� is described in Fig. 5. This type of unit cell can gen-
rate a coherent cellular solid by recursive application of point
ymmetry operations centered on each of the ligament midpoints
26�. As shown in Fig. 5, the cell deforms according to the mac-
oscopically prescribed affine deformation F; however, the formu-
ation allows the cell vertex to move an additional amount �,
hich results in nonaffine motion/deformaton within the cell.
ere we present the extension of this formulation to open-cell
etallic foams with elastoplastic constitutive cell wall �strut� be-

avior.

2.1 Micromechanical Model. This section briefly reviews
he micromechanical unit cell model reported in Ref. �27� where
he response of dynamically loaded open-cell foams is predicted
or all stages of foam deformation �initial elastic, plateau, and
ensification�. The model predicts the collapse behavior in open-

ig. 4 Schematic of the macroscopic continuum view and the
icroscopic cellular structural view for foam material com-

osed of small cells relative to specimen size. The affine fields
uch as u and F prescribed at macroscopic point X are trickled
own to the microscopic ligament midpoints. The unit cell ver-
ex moves an additional amount � resulting in nonaffine defor-
ation within the microstructure.

(a) (b)

ig. 5 Depiction of the local kinematic evolution of the length
f each half ligament li and the angle between any two liga-
ents �ij. The axial strain for any ligament i is defined as �i

��i and the change in angle between any two ligaments i and
ij ij ij
is defined as � =� −� .
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cell foams by capturing the unstable behavior of the unit cells
through the nonaffine motion � of the cell vertex. The nonaffine
degree of freedom � allows one to capture the bending and axial
deformation with the assumption that bending is concentrated at
the vertex for unit cells composed of thin struts.

Consider a 3D unit cell composed of M struts where the initial
length vector L�

i for every strut i and the initial angle �ij between
every two struts i� j in the unit cell are specified. Then for an
applied deformation FkK, the new length vector l�

i for every strut
and the new angle �ij between any two struts on the deformed unit
cell shown in Fig. 5 are given by

l�
i = FkKL�

i − ��, �ij = cos−1� l�
i l�

j

lilj �, � = 1, . . . ,3 �1�

Keep in mind that the indices i and j refer to the different struts on
the unit cell and � refers to each of the three Cartesian compo-
nents, and k and K refer to the current and original configurations,
respectively. The �� needed in Eq. �1� is determined for the pre-
scribed deformation FkK by enforcing on the representative 3D
unit cell the principle of minimum action for dissipative systems
as described by

d

dt
� ��

��̇�
� −

��

���

= Q� �2�

Here ��=T−P� represents the Lagrangian expressed as the differ-
ence between the kinetic energy �T� and the potential energy �P�
of the system. Q��=�D /��̇�� represents the nonconservative
forces arising from the dissipation rate function �D� of the system.
The resulting equation of motion shown in Eq. �3� determines the
kinematic equilibrium condition for each cell through ��.

R��FkK,��� = �
i=1,M

f�
i − mc�̈� = 0 �3�

R� represents the equilibrium resultant for the involved forces,
mc�̈� represents the microinertial forces where mc is an effective
mass located at the cell vertex, and �̈� is the acceleration of the
cell vertex. f�

i represents the force due to ligament i and it is
evaluated as the sum of the axial Ni and shear Vi forces at the cell
vertex from ligaments i−M as shown below:

f�
i = Nie�

li + Vie�
l̄i = Nie�

li +
1

li �
j=1,M

Mije�
lilj

�4�

Here eli and elilj
represent the local unit base vectors defining the

direction along strut i and the direction perpendicular to struts i
and j, respectively. Notice that the shear force Vi due to each
ligament i is evaluated from the bending moment Mij between
strut i and all j struts for i� j. The unit cell configuration �� is
determined numerically by iterating using the Taylor expansion of
Eq. �3� and a Newton–Raphson scheme.

Once the kinematic configuration of the cell �� is determined
through Eq. �3� for a particular value of applied deformation FkK,
the stress state PkK is obtained by differentiation of the elastic
energy W and dissipation rate function D of the system with

respect to the deformation FkK and the rate of deformation ḞkK.
The resulting final expression is stated below:

PkK�FkK� =
1

Bo
� �

i=1,M

fk
i LK

i − mc

���

�FkK
�̈�	 �5�

Notice that the constitutive relation in Eq. �5� includes the micro-
inertial stresses mc���� /�FkK��̈� as well as the stresses due to
stretching and bending fk

i LK
i of the struts. Keep in mind that fk

i

involves both the axial and shear forces, as stated in Eq. �4�.

2.2 Cell Wall Constitutive Behavior. In order to apply the
micromechanical model reviewed in Sec. 2.1, it is necessary to

obtain the axial and bending constitutive behaviors of the solid

MAY 2010, Vol. 77 / 031002-3
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truts composing the unit cells, namely, Ni and Mij, for any struts
and j on a unit cell. The strut axial force Ni and the bending
oment Mij are, respectively, determined as a function of the

lastic axial strain �n+1
e and the elastic change in angle �n+1

e be-
ween every pair of ligaments. At unit cell and strut level, the axial
train and change in angle between any two struts are measured,
s explained in Fig. 5. Section 2.2.1 describes the axial deforma-
ion and the expressions at strut level, which model the axial
lastoplastic constitutive behavior of the struts. Similarly, Sec.
.2.2 describes the bending deformation and the expressions used
o predict the bending elastoplastic constitutive behavior at strut
evel. The variables in the expressions will be presented in dis-
rete form to give the reader a sense of the numerical process.
ue to the foaming process, the constitutive behavior of struts in
pen-cell foams can be very different when compared their solid
ounterparts. The formulation presented here �28� allows one to
odel any elastoplastic constitutive behavior at strut level.

2.2.1 Strut Axial Response. Consider the axial deformation of
particular metallic strut on the unit cell while disregarding

hanges in volume in order to utilize the engineering axial strain
efinition for finite axial strain. Initially the strut has length L and
fter deformation the current incremental length of the strut is
n+1. The total incremental axial strain can be defined as

�n+1 =
ln+1 − L

L

or a metallic strut, the total incremental axial strain �n+1 can be
eparated into an elastic axial strain �n+1

e and a plastic axial strain

n+1
p as shown below:

�n+1 = �n+1
e + �n+1

p

he total plastic strain can be defined as

�n+1
p =

ln+1
p − L

L
�6�

here ln+1
p represents the length of the metallic strut after unload-

ng. The total plastic strain �n+1
p can be further separated into the

revious plastic �n
p and the current increment in plastic strain ��p

s shown below:

�n+1
p = �n

p + ��p �7�

here the previous plastic strain is defined as

�n+1
p =

ln
p − L

L
�8�

ith ln
p representing the length of the strut after unloading at step

. Now we can express the current elastic portion of the strain �n+1
e

n terms of the total strain, the previous plastic strain �n
p, and the

ncrement in plastic strain ��p as shown below:

�n+1
e = �n+1 − ��n

p + ��p� �9�

ow we are ready to write down the expressions as functions of
he strain variables in Eqs. �6�, �7�, and �9�, which will dictate the
xial constitutive response of the struts in the cells. The axial
esponse is a function of the elastic ligament axial strain �n+1

e .
ere the strut’s axial force N�=	A� is predicted from the linear

elation

n+1��n+1,��p� = EA�n+1
e = EA��n+1 − �n+1

p � = EA��n+1 − ��n
p + ��p��

�10�

here E represents the strut’s Young’s modulus and A represents
he strut cross sectional area. The evolution of the yield force
y�=	yA� is predicted by a hardening power law:

31002-4 / Vol. 77, MAY 2010

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
Ny,n+1���p� = A	oy� 
�n+1
p 

�o

p + 1�1/r

= A	oy� 
�n
p
 + 
��p


�o
p + 1�1/r

�11�

where r is the hardening exponent, 	oy is the initial yield stress,
and �o

p is a reference plastic strain. Finally, the increment in plastic
deformation is dictated by a rate of plastic axial deformation
power law:

�̇p = �̇o
p� 
Nn+1


Ny,n+1
− 1�1/m

�12�

where �̇o
p is the reference plastic strain rate and m is the rate-

sensitivity exponent. Now, denoting the time step by �t and sub-
stituting ��p=�t�̇p into Eq. �12� and rearranging, we can write

G1��n+1,��p� = ��p − �t�̇o
p� 
Nn+1


Ny,n+1
− 1�1/m

= 0 �13�

For any specified deformation �n+1 through ln+1, which is specified
by FkK and ��, ��p is determined from Eq. �13� by iterating on its
Taylor expansion using the Newton–Raphson procedure.

��n+1
p = ��n

p −
�G1

���p �14�

The strut axial constitutive behavior predicted by Eqs. �10� and
�12� is shown in Fig. 6. Figure 6�a� presents the axial constitutive
response for tensile loading alone, while Fig. 6�b� presents the
loading and unloading responses for both tensile and compressive
loadings. Figure 6�b� clearly demonstrates that the model is able
to capture the effects of the history of plastic deformation during
loading, unloading and/or reverse loading.

2.2.2 Strut Bending Response. Now consider two particular
metallic struts on the unit cell of an open-cell foam. Initially the
angle between the two struts is � and after deformation of the unit
cell, the current angle between the two struts is �n+1. Let us define
the current change in angle by �n+1 and then let us split it into an
elastic change in angle �n+1

e and a plastic change in angle �n+1
p .

�n+1 = �n+1
e + �n+1

p �15�

�n+1 = �n+1 − �, �n+1
p = �n+1

p − � �16�

�n+1
p in Eq. �16� refers to the remaining plastic angle between the

ligaments after unloading. The current plastic change in angle
�n+1

p is further subdivided into the previous plastic change in
p p

(a) (b)

Fig. 6 The axial constitutive behavior of the struts composing
each unit cell of an open-cell metallic foam as predicted by Eq.
„10… and „12…. The variables in Eq. „10…–„12… were taken as initial
length Lo=1.0 mm, initial strut radius ro=0.3 mm, E
=50.0 GPa, �yo=50.0 MPa, exponent r=4, axial exponent m
=4, �p

o=0.005, and �̇p
o=0.10. „a… The loading axial constitutive

response for tensile loading. „b… The axial constitutive re-
sponse for loading and unloading for both tensile and com-
pressive loadings.
angle �n and the increment of plastic change in angle �� .
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�n+1
p = �n

p + ��p ⇒ �n
p = �n

p − � �17�

n+1
p and �n

p in Eqs. �16� and �17� refer, respectively, to the current
nd previous plastic angles between the two ligaments. From Eqs.
15� and �17�, we can write the current elastic change in angle

n+1
e as

�n+1 = �n+1
e + �n+1

p = �n+1
e + �n

p + ��p �18�

⇒�n+1
e = �n+1 − ��n

p + ��p� �19�
ext, using the variables in Eqs. �15�–�18�, we present the set

xpressions that will model the bending constitutive response be-
ween any two struts on a unit cell of a metallic open-cell foam.
he bending response is a function of the elastic change in angle

n+1
e between any two ligaments. Here the bending moment Mn+1
etween any two struts is given by the linear relation

Mn+1��n+1,��p� =
3EI

L
�n+1

e =
3EI

L
��n+1 − �n+1

p �

=
3EI

L
��n+1 − ��n

p + ��p�� �20�

here E refers to Young’s modulus of the struts, I refers to the
oment of inertia of the struts, and L refers to the initial ligament

ength. The evolution of the yielding bending moment My,n+1 is
redicted by a hardening power law:

My,n+1���p� =
I	oy

r
� 
�n+1

p 

�o

p + 1�1/r

=
I	oy

r
� 
�n

p
 + 
��p

�o

p + 1�1/r

�21�

here 	oy is the initial yield stress, �o
p is a reference plastic

hange in angle, and r is the hardening exponent. Lastly, the in-
rement in plastic change in angle is dictated by a rate of plastic
eformation power law:

�̇p = �̇o
p� 
Mn+1


My,n+1
− 1�1/m

�22�

here �̇o
p is the reference rate for the plastic change in angle and

is the rate-sensitivity exponent. Substituting ��p=�t�̇p into
q. �22� above and rearranging, we can write

G2��n+1,��p� = ��p − �t�̇o
p� 
Mn+1


My,n+1
− 1�1/m

= 0 �23�

or any specified �n+1 through �n+1, which is specified through
kK and ��, ��p is determined from Eq. �23� by iterating on its
aylor expansion using the Newton–Raphson procedure.

��n+1
p = ��n

p −
�G2

���p �24�

he bending constitutive behavior predicted by the constitutive
elation in Eq. �20�, the power law yielding moment relation in
q. �21�, and the rate of plastic angle deformation expression in
q. �22� is shown in Fig. 7. Figure 7�a� presents the loading
ending constitutive response due to tensile loading alone, while
ig. 7�b� presents the loading and unloading responses for both

ensile and compressive loadings. Figure 7�b� demonstrates the
bility of the model to capture the effects of the history of plastic
eformation during loading, unloading, and/or reverse loadings.
quations �10�–�12� and Eqs. �20�–�22�, which dictate the cell
all constitutive behavior, were taken from Refs. �29,28�, which
rovide guidelines on the selection of plastic constitutive updates.
imilar simpler equations exist for polymeric visco-elastic liga-
ents where history of deformation is less relevant.

Predictions
This section presents sample predictions for metallic foams
ased on the models presented here to describe the elastoplastic
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open-cell foams. First, Sec. 3.1 presents effective foam response
predictions based on the micromechanical unit cell model re-
viewed in Sec. 2.1 and the models for the strut axial and bending
elastoplastic constitutive behavior described in Secs. 2.2.1 and
2.2.2, respectively. Then Sec. 3.2 presents 2D implicit FEM simu-
lations of metallic foam samples. In the FEM simulations, the
response at every Gauss point is obtained from the micromechani-
cal unit cell model, which in turn depends on the models for the
axial and bending elastoplastic behaviors of the struts. The FEM
simulations provide a coherent description of the metallic foam
material from specimen level to unit cell level to strut level.

3.1 Micromechanical Predictions. For the following predic-
tions, we consider a four strut unit cell �M =4�. The struts com-
posing the unit cell are taken as cylindrical rods of initial length
Lo and radius ro with the following initial orientations:

L�
1 = Lo�2�2

2
e�

2 +
1

3
e�

3�
L�

2 = Lo��6

3
e�

1 −
�2

3
e�

2 +
1

3
e�

3�
L�

3 = Lo�− �6

3
e�

1 −
�2

3
e�

2 +
1

3
e�

3�
L�

4 = Lo�− e�
3� �25�

where the terms in parentheses are the unit vectors describing the
initial ligament orientation and e�

i is the local Cartesian coordinate
basis centered at the initial vertex of the unit cell. The configura-
tional evolution of a four ligament unit cell M =4, as predicted by
Eq. �3�, is shown in Fig. 8 at four different values of deformation.

Multiple predictions of the effective foam response, as pre-
dicted by Eq. �5�, are presented next. The effective plateau stress
presented here is obtained from the microscopic simulation by
convexification of the nonconvex portion of the microscopic en-
ergy landscape as discussed in Refs. �30,27,31� �Chap. 3�. Figure
9�a� shows the effective unit cell and plateau response for foams
composed from elastic ligaments, which never undergo yielding
deformation, while Fig. 10�a� shows the effective unit cell and
plateau response for foams composed from elastoplastic �metallic�
ligaments, which undergo yielding during plastic deformation.
Figure 9�b� shows the loading/unloading unit cell response for
foams that do not yield during deformation. Figure 10�b�, on the
other hand, shows the loading/unloading response when the liga-
ments composing the unit cell undergo plastic yielding deforma-

(a) (b)

Fig. 7 The bending constitutive behavior of the struts com-
posing each unit cell of an open-cell metallic foam as predicted
by Eqs. „20…–„22…. The variables in Eqs. „20…–„22… were taken as
initial length Lo=1.0 mm, initial strut radius ro=0.3 mm, E
=50.0 GPa, �yo=50.0 MPa, exponent r=4, exponent m=20, �p

o

=0.005, and �̇p
o=0.10. „a… The loading bending constitutive re-

sponse for tensile loading. „b… The bending constitutive re-
sponse for loading and unloading for both tensile and com-
pressive loadings.
tion. The current elastoplastic relations for the cell wall material
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apture the expected plastic phenomena. Namely, that if the cell
all material undergoes yielding, the loading/unloading responses
ave distinct paths with a large residual deformation �Fig. 10�b��,
hile if the cell wall material does not undergo yielding, the

oading/unloading responses have identical paths without any re-
idual deformation �Fig. 9�b��.

Figure 11 presents the predicted effects of the cell wall initial
ield stress 	yo on the plateau stress on a metallic open-cell foam.
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ig. 8 The predicted evolution of the unit cell configuration
uring compressive loading. The variables in Eqs. „10…–„12…
nd „20…–„22… were set to initial strut length Lo=1.0 mm, initial
trut radius ro=0.3 mm, E=50 GPa, �yo=50 MPa, axial expo-
ent r=4, axial exponent m=4, �p

o=0.005, �̇p
o=0.10, bending ex-

onent r=4, bending exponent m=20, �p
o=0.005, and �̇p

o=0.10.
a… 0% deformation, „b… 10% deformation, „c… 30% deformation,
nd „d… 50% deformation.

(a) (b)

ig. 9 The effective response for foams with elastic cell walls.
he values for the variables in Eqs. „10…–„12… and „20…–„22…
ere set to initial length Lo=1.0 mm, initial strut radius ro
0.3 mm, E=10 GPa, �yo=0.5 GPa, axial exponent r=1, axial
xponent m=1, �p

o=0.005, �̇p
o=0.10, bending exponent r=1,

ending exponent m=1, �p
o=0.005, and �̇p

o=0.10. „a… The effec-
ive cell and plateau response for foams composed from struts
ith a high initial yield stress such that the response does not

nvolve any plastic deformation. „b… The load and unload re-
ponses when the cell walls „struts… do not undergo any plastic

eformation.
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Figure 11�a� shows the effects of initial yield stress on the effec-
tive foam response �solid line� with its effective plateau stress
�dashed line�, while Fig. 11�b� presents the effects of the initial
yield stress on the value of the plateau stress. As expected, the
plateau stress increases as the yield stress increases, as shown in
Fig. 11. Figure 12 presents the effects of the applied strain on the
effective plateau stress of metallic open-cell foams. Figure 12�a�
presents the effects of the applied strain on the effective foam
response �solid line� along with the plateau stress �dashed line�.
Figure 12�b� presents the effects of the applied strain on the value
of the plateau stress. Again as expected, the plateau stress in-
creases as the strain rate increases. Figure 13 presents the effects
of the initial rate of plastic deformation �̇o

p on the effective foam
response. The results in Fig. 13 can be interpreted as the effects of
viscosity 
 because for the current strut constitutive formulation,
the viscosity can be written in terms of the initial yield stress and
the initial rate of plastic deformation, e.g., 
=	yo / �̇o

p. Figure
13�a� presents the effects of the initial rate of plastic deformation
on the effective response while Fig. 13�b� presents the effect on
the plateau stress.

(a) (b)

Fig. 10 The effective response for foams with elastoplastic
cell walls. The values for the variables in Eqs. „10…–„12… and
„20…–„22… were set to initial strut length Lo=1.0 mm, initial strut
radius ro=0.3 mm, E=50 GPa, �yo=50 MPa, axial exponent r
=4, axial exponent m=4, �p

o=0.005, �̇p
o=0.10, bending exponent

r=4, bending exponent m=20, �p
o=0.005, and �̇p

o=0.10. „a… The
effective cell and plateau response for foams composed from
struts with low initial yield stress such that the response in-
volves a lot of plastic deformation. „b… The load and unload
responses when the cell walls „struts… undergo plastic
deformation.

(a) (b)

Fig. 11 The effect of initial yield stress on the response of
metallic open-cell foams. The foam density was taken as
100 kg/m3 and every run was carried out at a strain rate of
1 s−1. The values for the variables in Eqs. „10…–„12… and „20…–
„22… were set to initial strut length Lo=1.0 mm, initial strut ra-
dius ro=0.3 mm, E=50 GPa, axial exponent r=4, axial expo-
nent m=4, �p

o=0.005, �̇p
o=0.10, bending exponent r=4, bending

exponent m=20, �p
o=0.005, and �̇p

o=0.10. „a… The effective cell
response „solid line… and the effective plateau „dashed line… for
foams composed of struts with different initial yield stress �yo.
„b… The effect of the initial yield stress �yo on the predicted

effective plateau stress for metallic open-cell foams.

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



s
T
o
m
r
m
m
s

d
2
p
c
a
s
t
w
p
s

F
m
1
a
s
n
p
„

t
„

t

F
a
d
t
„

=
=
b
=
f
r
t
m

J

Downlo
3.2 Finite Element Analysis Predictions. The results pre-
ented here were obtained using an in-house implicit FEA code.
he stress tangents needed in any implicit FEA simulation are
btained from Eqs. �5� and �3�. During the FEA simulation, the
icroscopic unit cell model reviewed in Sec. 2.1 provides the

esponse at every Gauss point in the mesh. Keep in mind that the
icromechanical unit cell obtains the necessary forces and mo-
ents from the strut axial and bending constitutive models de-

cribed in Secs. 2.2.1 and 2.2.2.
The images shown in Figs. 14 and 15 are snapshots taken at

ifferent average vertical strains during dynamic compression of a
D specimen a constant downward velocity of 10 m/s. Figure 14
resents the evolution of the local vertical deformation for open-
ell foams with a high initial yield stress, which reduces the
mount of plastic deformation during compression of the foam
pecimen. Figure 15 on the other hand presents the evolution of
he local vertical strain for the case of low initial yield stress,
hich results in a high amount of plastic deformation during com-
ression of the specimen. This prediction clearly shows how the
ystem undergoes heterogeneous deformation during collapse of

(a) (b)

ig. 12 The effect of applied strain rate on the response of
etallic open-cell foams. The foam density was taken as

00 kg/m3 and the values for the variables in Eqs. „10…–„12…
nd „20…–„22… were set to initial strut length Lo=1.0 mm, initial
trut radius ro=0.3 mm, E=50 GPa, �yo=50 MPa, axial expo-
ent r=4, axial exponent m=4, �p

o=0.005, �̇p
o=0.10, bending ex-

onent r=4, bending exponent m=20, �p
o=0.005, and �̇p

o=0.10.
a… The effective cell response „solid line… and the effective pla-
eau „dashed line… for foams loaded at different strain rates �̇.
b… The effect of the applied strain rate �̇ on the predicted effec-
ive plateau stress for metallic open-cell foams.

(a) (b)

ig. 13 The effect of the initial rate of plastic deformation „�̇o
p

nd �̇o
p
… on the response of metallic open-cell foams. The foam

ensity was taken as 100 kg/m3, the applied strain was main-
ained at 1000 s−1, and the values for the variables in Eqs.
10…–„12… and „20…–„22… were set to initial strut length Lo
1.0 mm, initial strut radius ro=0.3 mm, E=50 GPa, �yo
50 MPa, axial exponent r=4, axial exponent m=4, �p

o=0.005,
ending exponent r=4, bending exponent m=20, and �p

o

0.005. „a… The effective cell response „solid line… and the ef-
ective plateau „dashed line… for foams loaded at different initial
ates of plastic deformation. „b… The effect of initial rate of plas-
ic deformation on the predicted effective plateau stress for
etallic open-cell foams.
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the cells in the system.
Figures 14 and 15 clearly show that the model captures the

experimentally observed heterogeneous deformation through lo-
calized collapse bands. First, in Figs. 14�a�–14�c�, 15�a�, and
15�b�, the cellular microstructure has not yet collapsed and the
material is undergoing uniform deformation. Next, in Figs.
14�d�–14�h� and 15�c�–15�h�, the cellular microstructure is col-
lapsing and the material is undergoing heterogeneous deforma-
tion. Finally, in Figs. 14�i� and 15�i�, the cellular microstructure
has collapsed completely and the material is again undergoing
uniform compaction deformation. Clearly the evolution of the lo-

(a)

(d)

(g)

(b)

(e)

(h)

(c)

(f)

(i)

Fig. 14 Simulation of impact at a constant downward velocity
of v=10.0 m/s on a homogeneous elastoplastic 2D open-cell
foam specimen with a high initial yield stress resulting in a
small amount of plastic deformation. The snapshots were taken
at different times corresponding to different average vertical
strains during the dynamic compression. The colors represent
the local deformation in the vertical direction and the black
lines describe the FEM mesh. The snapshots clearly demon-
strate the transition from „nearly… homogeneous deformation to
heterogeneous deformation „mixture of collapsed and uncol-
lapsed regions… and back to nearly homogeneous „completely
collapsed… deformation.

(b)(a) (c)

(f)

(g)

(e)(d)

(h) (i)

Fig. 15 Simulation of impact at a constant downward velocity
of v=10.0 m/s on a homogeneous elastoplastic 2D open-cell
foam specimen with a low initial yield stress resulting in a large
amount of plastic deformation. The snapshot were taken at dif-
ferent times corresponding to different average vertical strains
during the dynamic compression. The colors represent the lo-
cal deformation in the vertical direction and the black lines de-
scribe the FEM mesh. The snapshots clearly demonstrate the
transition from „nearly… homogeneous deformation to hetero-
geneous deformation „mixture of collapsed and uncollapsed
regions… and back to nearly homogeneous „completely col-

lapsed… deformation.
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al deformation varies between quasi-elastic and plastic foams
ith elastic foams showing more initial regions of heterogeneity.
verall the predictions from the formulation agree well with the
ain conclusions of the experimental studies capturing the differ-

nt characteristic of foam response, namely, the initial homoge-
eous, the intermediate heterogeneous collapse, and the final ho-
ogeneous compaction. It is important to point out that we are
odeling a homogeneous foam system without the microstruc-

ural defects present in real foams and therefore as expected het-
rogeneous deformation due to cell collapse starts at a higher
alue of applied compression ��30%�.

Conclusions
In summary, the present theory allows one to define a constitu-

ive formulation for lightweight open-cell metallic foams based on
lear and quantifiable parameters such as microstructural topology
nd cell wall properties while capturing the effects of dynamic
oading via viscosity at cell wall level and microinertia at unit cell
evel. We limited the presented predictions to cells containing four
truts converging into the internal cell vertex. A coherent cellular
olid can be generated from this type of unit cell by recursive
pplication of point symmetry operations centered on each of the
igament midpoints as previously reported in Ref. �26�. The mi-
roscopic results predicted the expected foam response with the
lateau stress increasing for increasing applied strain rate, increas-
ng initial cell wall yield stress, and increasing cell wall viscosity.
he macroscopic FEM simulations clearly demonstrate how the
ystem undergoes heterogeneous localized deformation during
ellular structure collapse. Because the FEM simulations are for
omogeneous foam systems, the FEM predictions do not capture
he localized heterogeneous deformation happening early in the
oading process due to microstructural defects. The resulting

odel accounts explicitly for a homogenous foam topology, the
lastic and plastic behaviors of the cell wall material, and the
nertial effects arising from nonaffine motion within the cells. The
resent unit cell model assumed that the ligaments remain straight
fter buckling to ease the computational burden; however, this
estriction could be removed in future improvements of the model.
dditionally, the current approach for modeling the plastic behav-

or of the ligaments does not account for softening and eventual
racture of the ligaments and it also does not account for the
auschinger effect that results form loading-unloading and re-
erse loading, which affects the ability of the FEA code to simu-
ate the response at exceeding high levels of deformation.

omenclature
N � ligament axial force

Ny � ligament yield axial force
M � ligament bending moment

My � ligament yield bending moment
	yo � initial yield stress
Li � initial ligament i vector
li � current ligament i vector

�ij � initial angle between ligaments i and j
�ij � current angle between ligaments i and j
�ij � change in angle between ligaments i and j
� � Lagrangian=kinetic−potential energy

Q� � dissipative force components
f�
i � components of coupled elastic/viscous force

mc � mass concentrated at the unit cell vertex
�� � unit cell vertex displacement components

PkK � first Piola–Kirchoff stress tensor components
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